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Chapter 1

Group Theory

1.1 Groups and Some Examples

Example 1.1.1: This is an motivating example for the definition of groups. Let us con-

sider (Z,+), where Z is the set of all integers, i.e.,
Z={-,-3,-2,-10123, -},
+ is a binary operation on Z, i.e.,
+:7Z x Z — 7 defined by + : (a,b) — a + 0.
Observations in this example.

1. Let a, b be any two integers. Then a + b is clearly an integer.
This property is called closure. If a set with a binary operation has only this property,
then the set is called a magma or a quasi group.

2. Let a, b, c be three integers. Then what is a + b + ¢?
We know how to operate two integers but here the task is to add three integers. We

can define a + b + c as

ca+b+c=(a+b)+c(or)
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ca+bt+ec=a+ (b+c).

This property is called associativity. If a set with a binary operation has upto this

property, that is, satisfies closure and associative, then the set is called a semi
group.
If (a +b)+c+# a+ (b+ c), then we cannot define addition on 3 elements. But in Z,
(a+b)+c=a+ (b+c).

3. There is a magic number in Z say 0, because

O+a=a+0=a

for all a € Z.

This property is called existence of identity, and 0 is called an identity element.
If a set with a binary operation has upto this property, that is, satisfies closure,

associative and existence of identity, then the set is called a monoid.

4. For every element a € Z\{0}, there is an element —a € Z\{0} such that

For example, for 5 € Z, there exists —5 € Z such that 5 + (—5) = 0 and similarly for

—8 € Z, there exists 8 € Z such that —8 + 8 = 0.

This property is called existence of inverse. If a set with a binary operation has
upto this property, that is, satisfies closure, associative, existence of identity and

existence of inverse, then the set is called a group.

5. InZ,weseethat3+7=7+3=10. Ingeneral,a+b=b+aforalla,b € Z.

This property is called commutativity. If a set with a binary operation has upto this
property, that is, satisfies closure, associative, existence of identity, existence of in-

verse and commutativity, then the set is called an abelian group or a commutative

group.
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Group
Definition 1.1.1 (Group). A non-empty set G together with a binary operation x, i.e.,
*:GxG—G
is said to be a group, if
1. (G, x) satisfies closure property, i.e.,

forevery a,b € G = axb € G.

2. (G, ) satisfies associative property, i.e.,

forevery a,b € G, (axb)xc=ax (b*c).

3. There exists an element e € G such that
ak*xe=exa=a
for all a € G. This e is called an identity element.

4. For every a € G, there exists a=! € G such that

This a~! is called an inverse of a and vice versa.
Note 1: (G, ) is called a group or we can say G is a group under x.
Definition 1.1.2 (Abelian group). If in a group (G, %), if for every a,b € G,
axb=0bxa
is satisfied, then (G, x) is called an abelian group or a commutative group.

Example 1.1.2: Prove that (Z, +) is an abelian group.

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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1. For any integers a & b, a + b is an integer.

2. Clearly, (Z,+) has associativity property.

3. 0 € Z (Identity)

4. For every a € Z, there exists —a € Z such that a 4+ (—a) = (—a) + a = 0.
5. Foreverya,be Z,a+b=>b+a.

Example 1.1.3: LetQ = {4 |a,b € Z & b # 0}. Prove that (Q, +) is also an abelian

group.

1. Letp,qe(@,p:z-i,q:‘g—j. Then

ap  a a1bs + ashy

T e

2. Forp,q,re@,pzz—i,q:%’rzz_;-
by b1babs3 7

(1.1)

aq % 4 % . aq 1 CLng + agbz . bgbgCLl + a2b1b3 + CL3b1b2
by by b bobs N b1bsobs ‘

aq a9 as albg + a2b1 as alebg + a2b1b3 + agble .
R Rl G sl
1

(p+q)+7‘=(—+ b b

)
(1.2)

From (1.1) and (1.2),
(p+qg+r=p+(g+r).

3. 0 is the identity, since

a a
PHO=1+0=0+-=0+p=p.
1 1

4. Forevery p = w €Q, there exists -1 €Q such that

aj —aq —ay 51
—+—=—4+—=0.
bl + bl bl * bl

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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5. Forp,q € Q, we have

p—l—qz ﬂ_'_% _ a1b2+a2b1 _ a2b1+a1b2 _ b1a2+b2a1 _ %—l—% :q—|—p.
by by b1by b1bo baby by by

Therefore, (Q,+) is an abelian group.

Example 1.1.4: The set of all real numbers, R, forms a group under +, i.e., (R,+) is a
group.
The following examples illustrate the properties of a group.

Example 1.1.5: Consider (Z, —).
1. Leta,b € Z. Then a — b € Z and thus closure property holds.

2. Leta=5b=—6and ¢c= —2. Then

(a—b)—c=(bB-(-6)—(-2)=(5+6)+2=13 and

a—(b—c)=5—((—6) — (=2)) =5 — (—6+2)=5—(—4)=5+4=09.

It is clearly visible that
(a—b)—c#a—(b—2c)

for some a, b, c € Z. Thus, associativity does not hold in (Z, —).

Hence, (Z, —) is a magma or quasi group.

Example 1.1.6: Consider (Z, ) where x is defined as a xb = a + b + ab.
1. Leta,b € Z. Thenaxb=a+ b+ ab € Z. Hence, (Z, x) has closure property.
2. Leta,b,c € Z. Then
(axb)xc = (a+b+ab)*c = a+b+ab+c+(a+b+ab)c = a+b+c+ab+ac+bc+abc  and

ax(bxc) =a*(b+c+bc) =a+b+c+bct+alb+c+bc) =a+b+c+bec+ab+ac+ abe.

It is clear that (axb) xc=ax* (bxc) forall a,b,c € Z.

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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3. We need to identify if some e € Z exists. We expect
axe=a+et+ac=a & exa=e+a-+ea=a.
Thus,
at+e+ae+ (—a)=a+(—a)=0 sincea€Z= —acl.
e+ae=0
e(l14+a) =0 using distributivity in integers
e=0 sincel+a#0forallacZ.

Thus, e = 0 is the required identity with respect to x.

4. For a € Z, we need to check if there exists b € Z such that a x b = 0. Suppose for
a € Z, there exists b € Z such that a x b = 0. Then,
axb=a+b+ab=0
=b+ab=—a

=b(l+a)=—-a
_ —a
S 1+4a

=b
But e need not be an integer for every a € Z. Thus, inverse axiom does not hold.

Hence, (Z,x) is a monoid.
Example 1.1.7: Consider (Q, x), where x is defined as a x b = a + b + ab.

Closure, associative and identity axiom holds clearly from the previous example. Let
us verify inverse axiom now. Suppose for a € Q, there exists b € Q such that a xb = 0.

Then,
axb=a+b+ab=0
=b+ab=—a

= b(l4+a)=—a
—a
1+a

=b=

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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This b is not defined for « = —1. Thus, inverse does not exist when a = —1. Hence (Q, )
does not form a group but it is a monoid.
Let us now restrict the definition of x to Q — {—1} and examine if it forms a group.
Associativity, existence of identity and existence of inverse are satisfied from the pre-
vious discussions but what about closure? We will fix a € Q — {—1}. Let us find the value

of b for which we get a x b = —1.

axb=—-1=a+b+ab=-1
=a+bl+a)=-1
=bl+a)=-1-a
(1+a)

b= ——" =1
14+a

Thus for any value of a € Q — {—1}, b= —1 willgiveus axb= —1butthisb ¢ Q — {—1}.
Hence (Q — {—1}, x) satisfies closure property as well. Therefore, (Q — {—1}, ) forms a
group.

Example 1.1.8: Check (Z,*) where x is defined as a x b = a + b + 2ab forms a group or

not.

Example 1.1.9: Let
A= {% | a and b are co-prime and 5 )(b} :

Prove (A, +) is a group.

Exercise
1. Let A= {% | a,bare co-prime and 5/b}. Then (A, +) is

(a) a group
(b) a monoid

(c) amagma

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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(d) none of the above
2. Let Q be the collection of all rational numbers. Then (Q, x) is
(a) a group
(b) a monoid
(c) only a magma
(d) only a semi group
3. Let Q* be the collection of all non-zero rational numbers. Then (Q*, x) is
(a) a group
(b) only a monoid
(c) only a magma
(d) none of the above

4. Let Q is the collection of all rationals, Q' is the collection of irrationals. Then Q + Q'

(d) None of the above
5. Let Q' be the collection of irrational numbers. Then (Q', +) is
(a) a group
(b) a magma
(c) asemigroup

(d) none of the above

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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6. Let E be the collection of all even integers. Then (£, +) is

(a) a group

(b) a monoid

(c) amagma

(d) a semi group

7. Let F be the collection of all continuous functions on [a,b]to R. + : F xF — Fis

defined by
(f+9)(x) = f(x)+ g(z) forall x € [a,].

Then (F,+) is

(a) a group

(b) a monoid

(c) a semigroup

(d) an abelian group

8. Let IF be the collection of all continuous functions on [a,b]to Rand o : F x F — I be

the composition of functions. Then the identity element in the group (I, o) is

(@) f(x) =1
(b) f(x) =0
(© flz) ==

(d) none of the above

9. Let IF be the collection of all continuous functions on [a,bjto Rand . : F x F — F be

defined by
(f.9)(x) = f(x)g(z) forall x € [a,b.

Then (F,.) is

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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(a) a group
(b) a monoid
(c) a semigroup

(d) none of the above

Subgroups

Definition 1.1.3. Let (G, x) be a group and H is a subset of G. H is said to be a subgroup
of G under x if (H, x) is itself a group.

Note 2: For any group (G, ), there are two groups always associated with G. They are

1. (G, %), and

2. ({e},*).

Example 1.1.10: Let (Z,+) be a group. Consider the set of all even numbers as H.
Clearly H C Z, then (H,+) is a subgroup of (Z, +).

For, let a,b € H, that is, both a and b are even integers. Then clearly, a + b is also
an even integer, i.e., a + b € H. Associativity holds trivially and 0 serves as an identity
element.

For every a € H, —a is the inverse of a since
a =2m forsome m € Z = —a = 2(—m).

Thus, the set of all even integers under addition forms a group and thus (H,+) is a

subgroup of (Z, +).

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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1.2 Cyclic groups
Observe the set of all even numbers

H

{ 7_67_47_2707274767”'}

H={-,2+2+2)52+2)752)50,1x2,2+2,2+2+2,---},

since 4! = —4in (Z,+).

Note 3: Generally, in every group (G, x),
(7,2 = axa.

In particular, in (Z, +),

22 =242 22=24242

Thus, 2% in (Z,+) does not mean 2 x 2 x 2 but means 2 + 2 + 2 and similarly 273 =

—(2+ 2+ 2). Therefore,
H=1{-.,27%27221¢0,2"'2%2 ...}
The above sort of representation is denoted by (2). That is,
H = (2), subgroup generated by 2.

Definition 1.2.1 (Cyclic group). A group (G, *) is said to be a cyclic group if there exists

an element a € G such that G = (a), i.e., G is generated by a single element a.

Note 4:

={--- (axaxa) (axa) (a) e (a) (axa) ™ (axaxa)™t, - }.

Definition 1.2.2 (Cyclic subgroup). Let (G, *) be a group and let H be a subgroup of G.

H is said to be a cyclic subgroup of G if there exists a € H such that H = (a).

Note 5: For every group (G, ). Leta € G. Then (a) is always a cyclic subgroup of (G, x).

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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Proof. Let (a) = {--- ,a%,a"%,a" ' e,a',a? a%--}.
* Let a™,a™ € (a). Then

amxa" =axax---Kkaxaxax---xa=a""" € (a).
N NS g

- N
m times n times

So closure property is satisfied.

(@™ *xa")xa® =a"""xa

_ ,mtnts m+4(n+s)

n+s
=a" % (a" xa®).
Hence associative axiom holds.
* Identity element e trivially exists.
« For every a", there exists (a™)~! € (a) such that

a*xa " = an—i—(—n) _ CLO

=e.
Thus, inverse axiom is also satisfied.
« Forany a",a™ € (a),
a"xa™ =a"t" = g™ = a™ xa".

Thus, commutativity axiom is satisfied.

Hence, ({(a), %) is a group and in fact an abelian group. Therefore, (a) is a cyclic subgroup

of (G, *). O

Observation 1. From the above proof, we also observe that every cyclic group is abelian

but the converse need not be true.
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Chapter 1

Basics and Metric Spaces

1.1 Elementary set theory

Definition 1.1.1 (Relations). Let A and B be two non-empty sets, a relation from A to B
is a subset of the Cartesian product A x B. That is, any subset of A x B is said to be a

relation from A to B, and we call any subset of A x A as a relation on A.
Let R be a relation A — B.
1. If R = ¢, then it is called the empty relation.
2. If R = A x B, itis the universal relation.
3. If A= B,andif R ={(a,a); Ya € A}, is called the identity relation.

Classification of Relations: Let A be a non-empty set, and R be a relation on A,

then
1. Ris said to be reflexive if (a,a) € R, Ya € A
2. Ris said to be symmetric if (a,b) € R = (b,a) € R,Va,be A
3. R said to be transitive if (a,b) and (b,¢) € R = (a,c) € R

4. R is said to be an equivalence relation on A, if R is said to be reflexive, symmetric

& transitive
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5. Ris said to be antisymmetric, if both (a,b) and (b,a) € R, iffa =1
6. Ris saidto be a partially ordered relation, if R is reflexive, antisymmetric & transitive

Definition 1.1.2 (Equivalence Class). Let R be an equivalence relation on a non-empty

set A, then there exist a partition of A into disjoint classes, called equivalence classes.

Definition 1.1.3. For a € A, the equivalence class of a is given by [a] = {b € 4; (a,b) €
R or aRb}.

Properties:

1. a € [d]

2. If b € [a], then [a] = [b]

3. It b ¢ [a], then [a] N [b] = ¢

Result: Let A & B be two non-empty finite sets, with |A| = n, |B| = m, then

—

. No.of relations from A to B is 2™

. No.of relations on A is 2*

[\

3. No.of reflexive relations on A is 2%°—
4. No.of symmetric relations on A is 27("+1)/2
5. No.of relations on A which are both reflexive & symmetric 2(*~)/2

6. Number of equivalence relation on A (= Number of partition on A) is given by

n—1
B, = > "'C}By, where B, = 1.
k=0
Definition 1.1.4 (Mapping). Consider two sets A and B whose elements may be any
objects and suppose that with each element z of A, there is associated an element of B
which we denote by f(x). Then f is said to be a function from A to B (or a mapping of
Ainto B). The set A is called the domain of f (or we say f is defined on A), and the

elements f(z) are called the values of f. The set of all values of f is called range of f.

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )



Mathematics Unit Il - Real Analysis 6

Definition 1.1.5 (Image). Let A and B be two sets and let f be a mapping of A into B. If
E C A, f(F) is defined to the set of all elements f(z), for x € E. The set f(F) is called

the image of E under f.

Remark 1.1.1. ltis clear that f(A) C B;if f(A) = B, then the map f is said to be an onto

function.

Definition 1.1.6 (Inverse image). If £ C B, f~'(FE) denotes the set of all x € A such that

f(z) € E. The set f~(F) is the inverse image of £ under f.

Definition 1.1.7 (One-one mapping). If for each y € B, f~'(y) consist of atmost one
element of A, then f is said to be one-one mapping of A into B. (or) If z1,z, € A, then

the function is said to be one-one mapping if f(x;) # f(x2) whenever z; # x,. (Or)

f(l’l) = f(JZQ) ImplleS 1 % T9.

Definition 1.1.8 (One-one correspondence). If there exists a one-one mapping of A onto
B, we say that A and B are in one-one correspondence (or) that A and B have the same
cardinal number (or) that A and B are equivalent, and we write A ~ B.

This relation has the following properties:
1. A ~ B (reflexive)
2. If A~ B,then B ~ A (symmetric)
3. fA~ Band B ~ C,then A ~ C (transitive)
Any relation with these properties is called an equivalence relation.

Definition 1.1.9. Let A and (2 be the sets and suppose that £, is the subset of (2 asso-
ciated with A, that is, {£,} where a € A.
The union of sets F, is defined to be the set S such that x € S if and only if z € E, for

atleast one a € A.

S = UaeAEa
If A consists of integers 1,2,--- ,n, then the set
S=un_ En.
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If Ais the set of postive integers, then
S=Ur_ Epn.

Similarly, the intersection of sets F, is defined to be the set T" such that = € T if and only
ifx € E, forall a € A.

T = Nacaly
If A consists of integers 1,2,--- ,n, then the set

T=n0"_E,.
If A is the set of positive integers, then

T =0, Epn.

Remark 1.1.2. If AN B is not empty, we say that A and B intersect; otherwise they are
disjoint.

Problem 1.1.1: Let £, = {1,2,3}, E» = {2,3,4}. Then £y, U By = {1,2,3,4}, E; N Ey =
{2,3}.

Problem1.1.2: Let A={z|z R & O<z<l}andE,={ylyeR & 0<y<uz}.

Then U,eaE, = E7 and Nyea B, = ¢
Result1.1.1. 1. AUB=BUA
2. AnNB=BnNA
3. (AUB)UC =AU (BUC)
4. (ANB)NC=ANn(BNCQC)
5. AnN(BUC)=(ANnB)U(ANnCQC)
6. ACAUB
7. AnNBCA

8. fAC B,thenAUB=B,ANB=A
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9. AU¢p=A

10. AN¢ =6

Result 1.1.2. Let f : A — B be a function where A and B be two non-empty finite sets

with n(A)=n and n(B)=m then

1.

Number of functions from A to B = m™
Number of one-one function from A to B
P, m=>=n
0, m<n

Number of onto function from A to B

m m—1

(=" (mCit), m<mn (=D)"("Cp)(m —r)",

= Ji=1 — ¢ r=0

0, m>n 0,

If m = 2, then Number of onto function f : A — B is 2" — 2.

n!l, m=n

. Number of bijective function from A to B is

0, m#n

5. fm=n,then f: A — Bisone-one — f is onto.

m<n

m>n

Definition 1.1.10 (Compositions of functions). Let A, B, C be three non-empty sets, f :

A — Bandg: B — C be two functions, then we can define a function A to C, gof =

A = Cby (gof)(x) = g(f(x)), V& € A.

If A= C, then both the compositions gof & fog are defined.

Result 1.1.3. 1. fog # gof, in general.

If A= B = C, then the compositions gof, fog, fof, gog etc are also defined.

2. If f & g are one-one, then gof and fog are also one-one, provided they exists.
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3. If f & g are onto, then gof and fog are also onto, provided they exists.
4. If gof is one-one, then f is one-one.

5. If gof is onto, then g is onto.

Definition 1.1.11 (Inverse of Functions). Let A & B be two non-empty sets, and let f :
A — B be a function, f is said to have a left inverse if there exist a functiong: B — A
such that gof = I4. f is said to have a right inverse if there exist a functiong : B — A
such that fog = Ig. f is said to be invertible if there exist a function g : B — A such that

gof : In and fog = Ip. If f is invertible, then we write g = f~1.

Result 1.1.4. 1. Afunction f: A — B is invertible, if f is both one-one and onto.
2. If f: A— Bisone-one then it has a left inverse.
3. If f: A— Bisontothen it has a right inverse.

4. Let A and B be two non-empty sets, if there exist a bijection between A and B then

A and B are said to be numerically equivalent.

5. Two finite sets A and B are numerically equivalent iff n(A) = n(B).

Definition 1.1.12 (Even and Odd Functions). Let f be a real function, f is said to be

an even function if f(—z) = f(z), Y € D(f) and f is said to be an odd function if

f(=x) = =f(x), Yz € D(f).
Result 1.1.5. 1. f(x) = 0 is the only function which is both even and odd.
2. Non-zero constant functions are even functions.
3. Sum of two even functions is even.
4. Difference of two even functions is even.
5. Sum or difference of two odd functions is odd.

6. Sum of an even function with an odd function need not be even or odd.
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7.

10.

11.

12.

13.

14.

15.

Difference of an even function with an odd function need not be even or odd.
Product of two even functions is even.

Product of two odd functions is even.

Product of an even function with an odd function is odd.

Composition of two even functions is even.

Composition of two odd functions is odd.

gofis even if f is even.

Composition of two functions is even if atleast one of them is even.

Let f : R — R be an arbitrary function,then, f(z) + f(—z) is an even function and

f(z) — f(—=z) is an odd function

Also, f(z) = <w) n (f(x)—Qf(—x))7

i.e., any function can be expressed as the sum of an even and an odd function.

Definition 1.1.13 (Periodic Functions). Let f be a real function, f is said to be periodic,

if f(x +7T) = f(z), forsome T € R, then, T is called the period of f.

Example 1.1.1: 1. The trigonometric function sin z, cos x, cosec x, sec = are periodic with

period 2kn, k € 7Z and fundamental period is 27.

The trigonometric function tan z and cot = are periodic with period k7, k € Z, their

fundamental period is .

Fundamental period of the function sin” x, cos™ x, sec™ z, cosec™ x is 7 if n is even and

27 if n is odd.

Fundamental period of tan™ z, cot™ z is 7, Vn.

Fundamental period of sin(ax), a # 0is (%’T) In general let f be a periodic function

with fundamental period 7', then the fundamental period of the function f(ax) is %

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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5. The function {z} = = — [z] is periodic with period k, k € Z and fundamental period

is 1.

6. Constant functions are periodic with period a, a € R, and does not have fundamen-

tal periods.

Result 1.1.6. Let f & g be two periodic functions with periods 77 & T, respectively, then
f+g,f—g,fgare also periodic if there exist positive integers a & b such that aT7 = bT5.

If f+ g, f—gand fg are periodic, then period of these function < LCM (T}, Ts).

Note 1: Sum of two periodic functions need not be periodic.

Example 1.1.2: sin z, sin 2z are periodic with fundamental periods 27 and 1 respectively.

But their sum is not period, as there does not exist positive integers such that a-27 = b- 1.

Definition 1.1.14 (Monotone Functions). f is said to be monotone if it is either monoton-

ically increasing or monotonically decreasing.
1. fx<y= f(z) < fly), Y,y € D(f), then f is said to be monotonically increasing.
2. fe <y= f(x) > f(y), Yz,y € D(f), then f is said to be monotonically decreasing.

8. Ifx <y = f(z) < fly), Vx,y € D(f), then f is said to be strictly monotonically

increasing.

4. lf x <y = f(x) > f(y), Vx,y € D(f), then f is said to be strictly monotonically

decreasing.

Result 1.1.7. 1. Constant functions are both monotonically increasing and monotoni-

cally decreasing. They are usually considered as non-decreasing functions.
2. f(x) ==x,¢€%log, x, x € (0,00) are monotonically increasing functions.
3. f(x) = < is monotonically decreasing in the intervals (—co, 0), (0, c0).

4. Lines with positive slope are monotonically increasing and the lines with negative

slope are monotonically decreasing.
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5. Letf: A— B, g: C — B be two real functions, then the function f + ¢, f — ¢, fg
are defined only if ANC # ¢. If ANC # ¢, then the domains of f + ¢, f — g, fg are
ANC itself.

TheD(%) isgivenby ANC\ {z € C|g(z) =0}

Definition 1.1.15 (Bounded Functions). Let f be a real function, f is said to be bounded,

if there exist a positive number, such that |f(z)| < M, Vx € D(f).

: : . 1 1 1 1
Note 2 (Partial fractions): If o <0, o—7= = 7o [(x_a) (w_b)}

1.2 Countable sets

Definition 1.2.1. For any positive integer n, let J,, be the set whose elements are the
integers 1,2,--- ,n. Let J be the set consisting of all positive integers. For any set A, we

define

1. Aisfinite, if A ~ J, for some n.

2. Aisinfinite, if A is not finite.

3. Ais countable, if A ~ J.

4. Ais uncountable, if A is neither finite nor countable.

5. Ais atmost countable, if A is finite or countable.
Note: Countable sets are also called enumerable or denumerable.

Problem 1.2.1 (Integers are countable): Let A be the set of all integers. Consider the
following arrangement of the sets A and J.

A:0,1,-1,2,—-2, -

J:1,2,3,---.

Define the function f : J — A by

g, ifnis even
f(n) =

-1 i nis odd

www.tcaexamguide.com (9566535080;9786269980; 76399 67359;93602 68118 )
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This function f is one-one and onto. Therefore, the set A is countable.

Remark 1.2.1. A finite set cannot be equivalent to one of its proper subsets; A is infinite

if A is equivalent to one of its proper subsets.

Example 1.2.1: By previous remark, we have proved that J ~ Z but we know that J is a

proper subset of Z.

Remark 1.2.2. Let X be a countable infinite set. Then we write | X| = X,. (Read as

“Aleph not”). If X is finite, say n number of distinct elements, then | X| = n.
Result 1.2.1. Every countable infinite set is equivalent to a proper subset of itself.

Proof. The proof is by axiom of choice. Let X = {xy,25,---}and Y = {xy, 23,--- } C X.
Define f : X — Y by f(z,) = zpi1-
Clearly, f is one-one and onto. Thus, we proved X ~ Y, even though Y is a proper

subset of X. n
Result 1.2.2. Every infinite set has a countable infinite subset. Consequently,

A is infinite set = |A| > N,.
Proof. Let X be an infinite set. Then either

1. X is countable infinite (or)

By previous result, it has a countable infinite subset.

2. X is uncountable infinite

By axoim of choice, we are able to choose Y = {z1,29,---} C X, which is a

countable infinite subset.

Result 1.2.3. Every infinite set is equivalent to one of its proper subsets.

Proof. Now we are in a situation to prove every infinite set is equivalent to one of its

proper subset.
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Case (i) If X is countable, then by result 1.2.1, there exists Y € X such that Y ~ X.

Case (ii) Let X be an uncountable infinite set. Then there exists a countable infinite

subset X; of X. Put X, = X — X;. Then
leXQZ(Z) and 1 U Xy = X.

Here X, is a countable infinite set, and so X; ~ X3 when X5 C X;. So we

have mapped X; N X3 and X, N X,. Then, X5U X, =Y. We have
X~Y and Y CX.

Hence proved.

Remark 1.2.3. This is the characterization of an infinite set.

Example 1.2.2: Are there infinite set whose cardinality is greater than R,?

Let | X| = 3. Then &(X) is the collection of all subsets of X.
|2(X)| =2° =8.
So clearly, | 2(X)| > | X]|.
Remark 1.2.4. If X is infinite, then |2 (X)| > | X|.
Result 1.2.4. There is no onto map from X to Z(X).
By using this result, we can say |Z(N)| > |N|.

— | Z(N)| = 2N = oo,

— 2N S N,.

Put ¢ = 2% (Continum)
Different characterization of 2%: Let X and Y be two finite sets such that | X| = m

and |Y| = n. Put

F ={f:X — Y} = Collection of all functions from X to Y.
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What is the cardinality of F, i.e., | F| =?

For each x € X, there are n choices. Thus, totally we have n™ choices. That is,
F = o=y,
Now, what is the cardinality of 1,7
* Floqy is the collection of all functions from N to {0, 1}. Then,
|Frony| =2 =2% =,
Result 1.2.5. Clearly, #(N) ~ Fyg1}.

+ We know that every real number in [0, 1] have a binary representation. Let f € Fyo 1.
Then f can be viewed as a sequence. Therefore, every z € [0, 1] can be associated

with some f € Fy1; and hence
Froay ~ [0,1].
So, |[0, 1]| = 2%.
» We know that [0, 1] ~ R.

0,122 & R
fi 2 2| fo=tan—lz

Here f, is a linear map, both f; and f, are one-one and onto and thus their compo-

sition is also a one-one onto map. So, [0, 1] ~ R. Thus,

IR| = 2% = .

Thus, we have obtained 3 different characterizations of 2%,

Result 1.2.6 (Hilbert Unproven Conjecture). There is no other infinities between X, and
2% = ¢, That is, if there is an infinity between X, and 2%, it must be equal to either one of
them.

Ny <2< 2 — 2 =N orz=2%.
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Note: Even though it is unproven, we use this result and there are questions from this
result.
We now pose a question. Are there infinities greater than 2% ? The answer is YES.

Look at Z(R) and use Result 1.2.4. That is,
we have no ONTO function from R to Z(R).
So 2% < 22 je. ¢ < 2°. Likewise
c< 2 <2 <02 oL
Let 2% =N, 2% = N,, .... Then we have

N0<N1<N2<“‘.

1.3 Arithmetic of cardinalities
Let X = {a,2,3}and Y = {1,b,c}. Then
XNY =0, |X|=3  and [|Y|=3.
Here | X UY| = |{a,b,¢,1,2,3} =6and | X NY| = |{}| =0. Thus,
IXUY|=|X|+|Y] and |XNY]|=|X|-]Y].

We are able to see that there are some arithmetic in cardinalities. We will improve this to

infinite sets.
Definition 1.3.1. If X and Y are disjoint, then | X |+ |Y| = | X U Y.

The next natural question is to associate | X| x |Y'|. Let us consider the next definition

which will answer this question.
Definition 1.3.2. | X| x |Y| = |X x Y.

Definition 1.3.3. | X|¥! = | F,1;|, where | Fio1; is the collection of all functions from Y to

X.
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3.1. TOPOLOGICAL SPACES

3.1.1 TOPOLOGY DEFINITION

e Atopology onaset Xisa collection T of subsets of X having the following properties:
1) sandXareinT.
2) The union of the elements of any sub collection of 7" isin 7.
3) The intersection of the elements of any finite sub collection of T isinT.
e A et X for which a topology 7 has been specified is called a topological space.
Note:

1) A topological space is an ordered pair (X, ) consisting of a set Xand a topology
T onX.

2) If X is a topological space with topology T, we say that a subset U of X is an open set
of X if U belongs to the collection 7.

3) Using this terminology, we can say that a topological space is a set X together with a
collection of subsets of X, called open sets, such that @ and X are both open, and such
that arbitrary unions and finite intersections of open sets are open.

Example 1.
e Let X be a three-element set, X = {a, b, c}. There are many possible topologies on X.
e From this example, you can see that even a three-element set has many different topologies.
But not every collection of subsets of X is a topology on X.
Example 2.

e If X is any set, the collection of all subsets of X is a topology on X; it is called the discrete
topology. The collection consisting of X and @ only is also a topology on X; we shall call
it the indiscrete topology, or the trivial topology.

Example 3.

e Let X be a set; let 7'¢ be the collection of all subsets U of X such that X —U either is finite

oris all of X. Then Tt is a topology on X, called the infinite complement topology. Both

X and @ are in T¢, since X — X is finite and X — @ is all of X.

o If {Uy} is an indexed family of nonempty elements of 7', to show that U U, is in T'f, we

compute
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X-WJ,=N(X-U,)
The latter set is finite because each set X - U, is finite. If Uj,...,Un are nonempty elements
of T, to show that NU; is in T'r, we compute.

The latter set is a finite union of finite sets and, therefore, finite.

Example. 4

Let X be a set; let 7. be the collection of all subsets U of X such that X - U either is

countable or is all of X. Then 7 is a topology on X.

3.1.2. DEFINITION

Note:

Suppose that 7 and 7" a are two topologies on a given set X. If 7 > 7, we say that 7"
is finer than T°; if 7 properly contains T, we say that 7" is strictly finer than 7. We also
say that 7" is coarser than 7", or strictly coarser, in these two respective situations. We say

T is comparable with 7" if either 7' > T or T2 T,

If 7 > T, then we say that T is larger than 7, and 7 is smaller than 7. This is certainly

acceptable terminology, the words "finer" and "coarser."

3.2. BASIS FOR A TOPOLOGY

3.2.1. BASIS DEFINITION:

If X is a set, a basis for a topology on X is a collection B of subsets of X (called basis
elements) such that

1) For each x € X, there is at least one basis element 8B containing x.

2) If x belongs to the intersection of two basis elements B1 and By, then there is a basis

element Bz containing x such that Bz < B; N Bo.

If B satisfies these two conditions, then we define the topology 7" generated by 8B as
follows: A subset U of X is said to be open in X (that is, to be an element of ') if for each
x € U, there is a basis element Be B such that x e B and B < U. Note that each basis

element is itself an element of 7.
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Example 1.

e Let B be the collection of all circular regions (interiors of circles) in the plane. Then B
satisfies both the conditions for a basis. In the topology generated by B, a subset U of the
plane is open if every x in U lies in some circular region contained in U.

Example 2.

e Let B be the collection of all rectangular regions (interiors of rectangles) in the plane,
where the rectangles have sides parallel to the coordinate axes. Then B’ satisfies both
conditions for a basis. The second condition is trivial, because the intersection of any two
basis elements is itself a basis element (or empty). As we shall see later, the basis B’
generates the same topology on the plane as the basis B given in the preceding example.

Example 3.

e |If X is any set, the collection of all one-point subsets of X is a basis for the discrete

topology on X.
Result:

1) Let us check now that the collection T° generated by the basis B is, in fact, a topology on
X. If U is the empty set, it satisfies the defining condition of openness vacuously. Likewise,
X isin T, since for each x € X there is some basis element B containing x and contained

in X. Now let us take an indexed family {U,} ., Of elements of 7" and show that

u=Ju,

ael

belongs to 7. Given x € U, there is an index a such that x € U,. Since U, is open,
there is a basis element B such that xe Bc U,. Then xe B and B c U, so that U is
open, by definition.

2) Now let us take two elements U, and U, of T and show that U; NU, belongsto 7.
Given x € UiNUy, choose a basis element B: containing x such that By c Uy;
choose also a basis element B, containing x such that B, c U,.

3) The second condition for a basis enables us to choose a basis element Bz containing x such
that B3 € B1NB2. Then x € Bz and Bz c U1N Uy, so U1 N Uzbelongs to T, by definition.

4) Finally, we show by induction that any finite intersection UiN...... NUy of elements of T
isin J. This fact is trivial for n = 1; we suppose it true for n - 1 and prove it for n.

Now
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(U,n...nU)=(U,n...nU, )NU,

By hypothesis, UiN...... NUn-1 belongs to T; by the result just proved, the inter- section

of UiN...... NUn-1 and Uy also belongs to 7.

Thus we have checked that collection of open sets generated by a basis 3B is a topology.

3.22. LEMMA

Proof:

Let X beaset; Jet B be a basis for atopology 77on X. Then T equals the collection of all

unions of elements of B.

Given a collection of elements of 3B, they are also elements of 7. Because 7 is a
topology, their union is in 7. Conversely, given U € ', choose for each xe U an
element Bx of B such that xeBxc U. Then U = U,Bx, so U equals a union of
elements of B.

This lemma states that every open set V in X can be expressed as a union of basic

elements.

3.23. LEMMA

Proof:

Let X be a topological space. Suppose that C is a collection of open sets of X such
that for each open set U of X and each x in U, there is an element C of C such that

xe C c U. Then C is a basis for the topology of X.

We must show that C is a basis. The first condition for a basis is easy: Given xe X, since

X is itself an open set, there is by hypothesis an element C of ¢ such that xe C ¢ X.

To check the second condition, let x belong to C:N C2, where C1 and C are elements
of C. Since Cy and C; are open, so is C1N Ca. Therefore, there exists by hypothesis an
element Cz in C such that xe Czc C1N Co.

Let T be the collection of open sets of X; we must show that the topology 7' generated
by C equals the topology 7. First, note that if U belongs to T and if xeU, then there is
by hypothesis an element C of € such that x e C c U. It follows that U belongs to the
topology 7', by definition. Conversely, if W belongs to the topology 7, then W equals
a union of elements of C, by the preceding lemma. Since each element of C belongs to T

and T'is a topology, W also belongs to 7.
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3.24. LEMMA

o Let®B and B' be bases for the topologies T and T respectively, on X. Then the following
are equivalent:
1) T is finerthan 7.
2) Foreach x e X and each basis element B € B containing x, there is a basis element
B'e®B'suchthatx e B' ¢ B.
Proof:
e (2)=(1). Given an element U of 77, we wish to show that U e J". Letx € U. Since
B generates T, there is an element B € B'such that x e Bc U. Condition (2) tells us there
exists an element B'e B' such that x e B'C B. Thenx e B'c U, soU € T, by definition.

e (1)=(2). We are given x e X and B e B, with x e B. Now B belongs to 7" by definition
and T < 7' by condition (l); therefore, B € 7. Since 7" is generated by 8B', there is an
element B' € B' such that xe B' © B.

Example 4.

e The collection B of all circular regions in the plane generates the same topology as the

collection B' of all rectangular regions.

3.2.5. STANDARD TOPOLOGY DEFINITION:

e |If B is the collection of all open intervals in the real line, (a, b) ={x/a < x < b}, the

topology generated by B is called the standard topology on the real line. Whenever we
consider R, we shall suppose it is given this topology unless we specifically state
otherwise.

3.2.6. LOWER LIMIT TOPOLOGY DEFINITION:

e If B'is the collection of all half-open intervals of the form [a, b) ={x /a = x < b}, where
a < b, the topology generated by B' is called the lower limit topology on R When R is

given the lower limit topology, we denote itby R,.

e Finally let K denote the set of all numbers of the form 1/ n, for n € Z+, and
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3.2.7. K-TOPOLOGY DEFINITION:

e Let B" be the collection of all open intervals (a, b), along with all sets of the form  (a,

b) - K. The topology generated by B" will be called the K-topology on R. When R is

given this topology, we denote it by Ry.

e Itis easy to see that all three of these collections are bases; in each case, the intersection
of two basis elements is either another basis element or is empty. The relation between
these topologies is the following:

3.2.8. LEMMA

e The topologies R; and Ry are strictly finer than the standard topology on IR, but are not
comparable with one another.
Proof:

e Let7, T"and T be the topologies of R, R; and Ry, respectively. Given a basis element

(a, b) for T and a point x of (a,b), the basis element [x, b) for 7 contains x and lies
in (a, b). On the other hand, given the basis element [x, d) for 7, there is no open interval
(a, b) that contains x and lies in [x, d). Thus T is strictly finer than T°.

e A similar argument applies to Ry. Given a basis element (a, b) for 77 and a point x
of (a, b), this same interval is a basis element for 7" that contains x. On the other hand,
given the basis element B = (-1, 1) - K for 7" and the point 0 of B, there is no open
interval that contains 0 and lies in B.

e We leave it to you to show that the topologies of R; and R, are not comparable.

3.2.9. SUBBASIS DEFINITION

e A subbasis S for a topology on X is a collection of subsets of X whose union equals X.
The topology generated by the subbasis S is defined to be the collection 7 of all unions
of finite intersections of elements of S.

Result:

1) We must of course check that 7 is a topology. For this purpose it will suffice to show that
the collection B of all finite intersections of elements of S is a basis, for then the
collection 77 of all unions of elements of B is a topology, by Lemma 3.2.2. Givenx € X,
it belongs to an element of S and hence to an element of B; this is the first condition for

a basis.
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2) To check the second condition, let
B,=SnNn....nS, and B, =S57Nn.....nS", be two elements of B. Their

intersection and B; N B, =(5; N ......nS ) N(S'; Nn......nS",) is also a finite

intersection of elements of S, so it belongs toB.

3.3. THE ORDER TOPOLOGY

3.3.1. ORDER TOPOLOGY DEFINITION:

e If X is asimply ordered set, there is a standard topology for X, defined using the order
relation. It is called the order topology. We consider it and study some of its properties.
Result:
1) Suppose that X is a set having a simple order relation <. Given elements a and b of X
such thata < b, there are four subsets of X that are called the intervals deter- mined by

a and b. They are the following:

(@, b) ={x/a < x < b},

(@ b] ={x/a<x < b},

[a,b) ={x/a = x < b},

[a,b] =(x/a = x < b}

The notation used here is familiar to you already in the case where X is the real
line, but these are intervals in an arbitrary ordered set.

2) Aset of the first type is called an open interval in X, a set of the last type is called a closed
interval in X, and sets of the second and third types are called half-open intervals. The
use of the term "open™ in this connection suggests that open intervals in X should turn out
to be open sets when we put a topology on X.

e Let X be aset with a simple order relation; assume X has more than one element. Let B
be the collection of all sets of the following types:

1) All open intervals (a, b) in X.
2) All intervals of the form [ao, b), where a, is the smallest element (if any) of X.
3) Allintervals of the form (a, bo], where b, is the largest element (if any) of X.

e The collection B is a basis for a topology on X, which is called the order topology.
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Note:

e If X has no smallest element, there are no sets of type (2), and if X has no largest element,

there are no sets of type (3).
Example 1.

e The standard topology on R, as defined in the preceding section, is just the order topology

derived from the usual order on R.
Example 2.

e Considertheset R x R, in the dictionary order; we shall denote the general element of R x
R by x X vy, to avoid difficulty with notation. The set R x R has neither a largest nor a
smallest element, so the order topology on R X R has as basis the collection of all open
intervals of the form (a x b,c x d) fora < ¢, and fora =cand b < d.

e The sub collection consisting of only intervals of the second type is also a basis for the
order topology on R x R, as you can check.

Example 3.

e The positive integers Z+ form an ordered set with a smallest element. The order topology
on Z. is the discrete topology, for every one-point set is open: If n > |, then the one-
point set {n} = (n-1, n+1) is abasis element; and if n = |, the one-point set {I} =[l, 2)
is a basis element.

Example 4.

e The set X ={l, 2} x Z: in the dictionary order is another example of an ordered set
with a smallest element. Denoting 1 X n by a, and 2 X n by b,, we can represent X by

a;,ay,....; by, by, ...

e The order topology on X is not the discrete topology. Most one-point sets are open, but
there is an exception-the one-point set {b:}. Any open set containing b; must contain a
basis element about b: (by definition), and any basis element containing b1 contains points
of the a; sequence.

3.3.2. RAYS DEFINITION

e |f X isan ordered set, and a is an element of X, there are four subsets of X that are
called the rays determined by a. They are the following:

(@, +0) ={x/x >a},
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(—oo,a) ={x/x <a},
[a, +o0) ={x/x =a},
(—wo,a] ={x/x = a}.

e Sets of the first two types are called open rays, and sets of the last two types are called

closed rays.
Result:

1) The use of the term "open™ suggests that open rays in X are open sets in the order topology.
And so they are. Consider, for example, the ray (a,+0). If X has a largest element bo, then
(a, +0) equals the basis element (a, bo]. If X has no largest element, then (a, +o0) equals
the union of all basis elements of the form (a, x), for x > a. In either case, (a, +) is
open. A similar argument applies to the ray (—oo, a).

2) The open rays, in fact, form a subbasis for the order topology on X, as we now show.
Because the open rays are open in the order topology, the topology they generate is
contained in the order topology. On the other hand, every basis element for the order
topology equals a finite intersection of open rays; the interval (a, b) equals the intersection
of (—oo, b)) and (a, +o0), while [ao, b) and (a, bo], if they exist, are themselves open rays.

3) Hence the topology generated by the open rays contains the order topology.

3.4. THE PRODUCT TOPOLOGY ON X XY

e |If X andY are topological spaces, there is a standard way of defining a topology on the

Cartesian product X x Y. We consider this topology now and study some of its properties.

3.4.1. PRODUCT TOPOLOGY DEFINITION:

e Let X and Y be topological spaces. The product topology on XXY is the topology
having as basis the collection B of all sets of the form UxV, where U is an open subset
of X and V is an open subset of .

e Letus check that 8B is a basis. The first condition is trivial, since X X Y is itself a basis
element. The second condition is almost as easy, since the intersection of any two basis

elements U:ix Vi and U2xV: is another basis element. For and the latter set is a basis
element because Uy N Uz and V1N V> are open in X and Y, respectively.
(Uix Vi) N (U2 X V2) = (U1n Uz) x (ViNnVo),
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e Note that the collection 8B is not a topology on X XY. The union of the two rectangles is

not a product of two sets, so it cannot belong to B; however, it is openin X XY,

3.4.2. THEOREM

e If B isabasis for the topology of X and C is a basis for the topology of Y, then the
collection D = (BXC /B € B and C € C }isabasis for the topology of X x Y.

Proof:
e We apply Lemma 3.2.3. Given an open set W of X XY and a point x x y of W, by

definition of the product topology there is a basis element U X V such thatx xy € U

xVcW.
e Because B and e are bases for X and Y, respectively, we can choose an element B of B

such that x € B c U, and an element C of C such thaty € C c V. Thenx x y € BX
C < W. Thus the collection D meets the criterion of Lemma 3.2.3, so D is a basis for X
x Y.

Example 1.
e We have a standard topology on R the order topology. The product of this topology with

itself is called the standard topology on R x R = R?2, It has as basis the collection of
all products of open sets of R, but the theorem just proved tells us that the much smaller
collection of all products (a, b) X (c, d) of open intervals in R will also serve as a basis for
the topology of R?. Each such set can be pictured as the interior of a rectangle in R?. Thus
the standard topology on IR? is just the one we considered in Example 2 of section 3.2.

e Itis sometimes useful to express the product topology in terms of a subbasis. To do this,
we first define certain functions called projections.

3.4.3. PROJECTIONS DEFINITION

o Letm : X XY — X bedefined by the equation

(X, Y)= X;
e letm, : X XY — Y bedefined by the equation
(X y)=y.
e Themaps m; and m, are called the projections of X XY onto its first and second factors,

respectively.
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Result:

1) We use the word "onto" because m; and T, are surjective (unless one of the spaces
X or Y happens to be empty, in which case XXY is empty and our whole discussion is
empty as well?).

2) If U is an open subset of X, then the set ;' (U) is precisely the set UxY, which is open
in X X Y.

3) Similarly, if V isopeninY, then m;! (V) =X X V, which is also open in X X Y. The
intersection of these two sets is the set UXV.

3.44. THEOREM

e The collection S ={m;* (U) / U openin X} U {m;* (V) /V openin Y} is a subbasis

for the product topology on X X Y.
Proof:

e Let 77 denote the product topology on X XY; let 7' be the topology generated by S.
Because every element of S belongs to 77, so do arbitrary unions of finite intersections of
elements of S. Thus 77 'c 7. On the other hand, every basis element U x V for the
topology 7" is afinite intersection of elements of S, since

UxV=mn71(U) nm;1(V).

e Therefore, U X V belongs to 7', sothat7 < 7' as well.

3.5.THE SUBSPACE TOPOLOGY

3.5.1. SUBSPACE TOPOLOGY DEFINITION:

e Let X be a topological space with topology 7. If Y is a subset of X, the collection
T, ={YnU/UE€T}is a topology on Y, called the subspace topology. With this
topology, Y is called asubspace of X; its open sets consist of all intersections of open
sets of X with'Y.

RESULT:

1) Itiseasy to see that Ty is a topology. It contains® and Y because  =YN@® andY =
Y N X, where @ and X are elements of T.

2) The fact that it is closed under finite intersections and arbitrary unions follows from the
equations (U; nY) N (U, NY) ...... U,nY)=U;NnU, ...... NnNU,) NY
UaggUa N Y) = (UagUa) N Y
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8.1.1 SOME BASIC CONCEEPT IN MECHANICS

SPACE
» Space is a geometric region occupied by bodies whose positions are described with the help
of co-ordinate system.
TIME
> Itis measure of the succession of the events.
MASS
> Itis used to measure the resistance to change the state of rest or motion is called inertia.
FORCE
> ltis the effort required to change or tends to change the state of rest.
MECHANICS AND CLASSIFICATION

» Mechanics is the science, that describes and the predicts the effect of objects either at rest or

in motion.
MECHANICS
Mechanics of Solids Mechanics of fluids
/\ (Liquid or Gas)
Rigid bodies Deformable bodies

1. Statics (Non-Movable) 1. Ideal fluids.

) 2.Viscous fluids.
2. Dynamics (Movable)

rength of materials 3. Compressable fluids.



DYNAMICS

» Dynamics is the study of the motion interacting bodies. It describes this motion in terms of

postulated laws.
CLASSICAL DYNAMICS

» Dynamics is the study of the motion of interacting bodies.

» Classical dynamics is restricted to those systems of interacting bodies for which quantum
mechanical effects are negligible.

» The non-relativistic theories and methods of men such as Newton, Euler, Lagrange, and
Hamilton are included, as well as the more recent relativistic dynamics of Einstein.

THE MECHANICAL SYSTEM:
Definition:

> Let us consider a mechanical system consisting of N particles, where a particle is an
idealized material body having its mass concentrated at a point.

» The motion of a particle is, therefore, the motion of a point in space.

» Since a point has no geometrical dimensions, we cannot specify the orientation of a particle,
nor can we associate any particular rotational motion with it. In this non-relativistic
treatment, we shall assume that the mass of each particle remains constant.

Equation of Motion:

» The differential equations of motion for a system of N particles can be obtained by applying
Newton's laws of motion to the particles individually. For a single particle of mass m which
is subject to a forceF, we obtain from Newton's second law the vector equation.

» For asingle particle of mass m which is subject to a force

F=md

= mﬂ[ where d :@]
dt dt

= —(mv)
_dv o

=—[p= mv]((since p is the linear momentum)

-

F=p

F =ma
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> Here, d(?) is the acceleration measured relative to an inertial frame of reference.

DEGREES OF FREEDOM
» The number of degrees of freedom =The number of coordinates- The number of

independent equation of constraint.

EXAMPLE 1:

» If the configuration of a system of N particles is described using 3N cartesian coordinates
and if there are [ independent equations of the constraints relating these coordinates then
there are(3N — 1) degrees of freedom.

EXAMPLE 2:

» The configuration of the system is specified by giving the locations of the three particles that
is 9 cartesian coordinates. But reach rigid rod is represented mathematically by an
independent equation of constraint. So 3N —[ =3 x3—3 =6 and the system has 6 a
degree of freedom.

EXAMPLE 3:

» When a particle is moving in a plane, we may describe its motion in Cartesian coordinates
or, more conveniently in polar coordinates r, & we may then

q1 = X.q2 =Y

1 y
e (a2 2 —pn -1(”
g =1r=x*+y%)z q, =6 =tan <x)

Alternatively we may also written as x = q,cosq,y = q,sinq,
Orx; = x;(q1,q2)
» If the problem involves spherical symmetry we may conveniently use spherical polar co
ordinates (r,0,p) as  (q1, 42, q2) such that x = rsinfcos¢g
y = rsinfsing

Z = rcos6
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Or x = q4sinq,cosqs
Y = q15inq,c05q3
X = (q,€058(q,
Or
x; = x;(91, 92, 93)
» In general the relation between the old Cartesian co-ordinates and the generalized co-
ordinate can be written in the formx; = x;(q1, 92, q3, - - - qn)-

EXAMPLE 4 :

» A rod of mass m and length [ which is free to move in any direction on a frictionless
inclined plane has only perpendicular to degrees of freedom as it can slide down and
vertically.

EXAMPLE5:

» A transformation from Cartesian to generalized coordinates, consider a particle which is
1
constrained to move on a fixed circular path of radius a, as (x;%2 + x,%)z = a

X2

> Let asingle generalized coordinates g, represent the one degree of freedom. This polar angle
can vary freely without violating the constant. In accordance with above diagram.Let us
define a second generalized coordinates g, which is constant.
q =a
» The transformation equation are

X1 = (2 C05(1,X; = (p SIN(,

om on
. . L a(x, 9q, 0
> The jacobian for this transformation is 202%2) = |91 992 _ _
0(q1,92) 0x; 0%z
0q1 0q>
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> Hence the q’s may be expressed as a functions of the x’s except when the Jacobian is 0 at
q, = 0 in this case the radius of circle is zero and the angle g, is undefined.These

transformation equations are

_1 (X2 1
q; = tan™! (X_)» qQz = (X% +x,%)2,
1

» Where we arbitrary take 0 < q; < 2mand 0 < g, < oo in the order that q’s will be single-
valued functions of the x’s These transformation equations apply at the all points on the

finite x,, x, plane except at the origin.

CLASSIFICATION OF DYNAMICAL SYSTEM
I.) Scleronomic
» A configuration of the system is given when the values of the generalized co ordinates
91,92, 93, --- - - G are given by the equation of the form x; = x;(q1, 92, 93, ----- )
» Which is do not depend explicitly on time.
ii.) Rheonomic system
» Rheonomic system, it is necessary to specify the time t as well then the equations will be of

the form x; = x;(q1, 92, g3, --- - - @, t)(depending on time)

REMARK

» Thus, in Scleronomic system, there will be only fixed constraints, whereas in a Rheonomic
system there will be moving constraints
iii.) Conservative and non Conservative
> In a conservative system the generalized forces are derivable from a potential energy v =

v(4q1, 92,93 -+ - qn)

(i.e) if Q;,0Q,, Qs, ..... Q,, represents generalized forces then

—0v —0v —0v
Q1=_) e R R Tl=

0q,

» Otherwise system is non conservative
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iv.) Holonomic and non-holonomic
> Let q4,92,93, ---.-q, denote the generalized co-ordinates, describing a system and let t
denotes the time and if all the constraints of the system can be expressed in equation of the

form.

fi(41, 92,93, - qn, t) = 0
» Which is independent of velocity of ¢y, g5, qs, -....qn
> Wherei is the i"'component, then the system is called Holonomic,
» However if the constraint cannot be expressed as relation among the generalized
coordinates, then the system is called non-holonomic.
v.) Bilateral and unilateral system
» If at any point on constraint surface, both the forward and backward motions are
possible,such a system is called Bilateral
> In this system, the constraint relation in the form of equation but not in the form of
inequalities.
> However, if at some point on the constraint surface, the forward motion is not possible,
while the constraint relation are expressed in the form of inequalities,then such a system is
called Unilateral
vi.) Simple system
» Systems which are scleronomic conservative holonomic are called simple system. It is also

known as general system.

Key points

Scleronomic- Time independent
Rheonomic system- Time dependent
Holonomic- Velocity independent
Non-Holonomic- Velocity dependent
Conservative - Generalized force derived form
Non Conservative - potential energy, otherwise it is non conservative
Bilateral -if forward and backward motion is possible
- Constraint relation are in the form of equation
Unilateral - if forward and backward motion is NOT possible, only backward

motion is possible
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- Constraint relation are in the form of inequalities

Virtual work
> Suppose the configuration of a system of N particles is given by 3N Cartesian coordinates
X1, X5, -.... X3y Which are measured relative to an inertial frame and may be subject to
constraints. At any given time, let assume that the coordinates moves through infinite
decimal displacementéx,, 6x,, 8x3, .... 6x3 Which are virtual or imaginary in the sense that
they are assumed to occur without the passage of time, and do not necessarily conform to
constraints. This small change the §x in the configuration of the system is known as virtual

displacements.

Principal of virtual work
» We can imagine arbitrary instantaneous change in the position vectors of the particles of the
system, virtual displacements. An infinitesimal virtual displacement of i particle of a
system of N particles is denoted by &7;. This is the displacement of position coordinates only
and does not involve variation of time.
i.e.,0r; = 61;(q1, 92, - - qn)
» Suppose the system is in equilibrium, then the total force on any particle is zero
ieF;=0 i=12......N
» The virtual work of the force F;, in the virtual displacement &r; will also be zero
ie.,.0W; =F;.6r; =0
» Similarly, the sum of virtual work for all the particles must vanish
e, oW =3YN F.ér,=0

» This result represents the principle of virtual work which states that,

The work done is zero in the case of an arbitrary virtual displacement of a system

from a position of equilibrium

F; + R; = 0 (F;is Applied force R;Constrain Force)
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N N N
Z(Fl + Rl) 6Ti = Z Fi' 6Ti + Z Ri' 6T'l'
i=1 i=1 i=1

> We restrict ourselves to the systems where the virtual work of the forces of constraints is

zero e.g., in case of a rigid body.

» Then YN F.ér,=0

> l.e., for equilibrium of a system, the virtual work of applied forces is zero. We see that the
principle of virtual work deals with the statics of a system of particles. However, we want a

principle to deal with the general motion of the system and such a principle was developed

by D' Alembert.
D'ALEMBERT PRINCIPLE

> According to Newton's second law of motion, the force acting on the i""particle is given
byF; —p,=0 i=12,....N

» These equations mean that any particle in the system is in equilibrium under a force, which
is equal to the actual force F;, plus a reversed effective force p,. Therefore, for virtual

displacement 6r;,

N
> F=p)-01 =0
i=1

> BUtFl=Fla+fl=0
» Then

N

N
Z(Fia — ). 61 + Zfi.dri =0
i=1

i=1

» Again, we restrict ourselves to the systems for which the virtual work of the constraints is
zero

ie,zifi . Sri =0 Thenzli\':l(Fia — pl) (Sri = 0.

A workless constraint is any bilateral constraint such that the virtual work of the
corresponding constraint forces is zero for any virtual displacement which is consistent
with the constraints.
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SUMMARIZED PRINCIPLE OF VIRTUAL WORK

The necessary and sufficient condition for the static equilibrium of any initially
motionless Scleronomic system which is subject to workless constraints is that zero
virtual work by done by the applied forces in the moving through an arbitrary virtual

displacement satisfying the constraints.

D’Alembert’s principal
» Consider a system of N particles and write the equation of motion for each particle in the
form F; + R; — m;#; = 0 (F; is Applied force R; is Constrain Force)
LAGRANGE’S FORM OFD’ ALEMBERT’S PRINCIPAL
n
oW = Z(Fl + RL' - mii"'i)é‘rl- =0
i=1
Example
» A particle of mass m is suspended by a massles wire of length r = a + bcoswt (a > b >
0)to form a spherical pendulum. Equation of motion is (a + bcoswt)psing —

2bwsinwtsing + 2(a + bcoswt)B¢pcosd = 0

The necessary and sufficient condition for static equilibrium is that all Q’S due to the

applied force is zero.

ENERGY AND MOMENTUM
POTENTIAL ENERGY
» Let wus consider a single particle whose position given by the Cartesian

coordinates(x,y,z).suppose that the total force F acting on the particle has the components

14
B="5
oV
Fy = —@
oV
*= "

» Where the potential energy function V(x,y, z) is single-valued function of position only,
that is not a function of velocity or time.A force F meeting these conditions is known as a

conservative force.
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» Let us consider the work dW done by the force F as it moves through an infinitesimal

displacement dr. we have dW = F.dr = F.dx + F,dy + F,dz

B B
W=fF.dr=—de=VA—VB
A A

Work done is in any closed path zero

(ie)$ F.dr = 0

=Two forces systems according on a given rigid body or EQUIPOLLENT if they have

the same total force and the same total moment with respect to an arbitrary point

WORK AND KINETIC ENERGY

» Suppose we define the kinetic energy T of a particle of mass m by

1
T = —mv?
> mv

» Where v is the velocity of the particle relative to an inertia reference frame. Let us

considered the line integral of equation

B B
W=jF.dr=—jdV=VA—VB
A A

» which gives the work done on the particle by the total force F of as the particle moves over a
certain path from A to B. In accordance with Newton's law of motion we cancan replace F

by mi and obtain

N =

B
Wszi".drz
A

B B
fd : ‘dt—1 fd z

m dt(r.r) =5m (v?)
y A

» Where each integral is evaluated over the same path. then, using the definition of kinetic
energy, we obtain W = %m(sz —vg?) = Ty — T, this is called principle of work and

kinetic energy:

The increase in kinetic energy of a particle as it moves from one orbitary point to another

is equal to the work done by the forces acting on the particle during the given interval.
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Note that the force F may arise from any source; it need not be conservative. Furthermore,
force components which remain normal to the particle velocity v do no work and can be

neglected the applying the principle.

CONSERVATION OF ENERGY.

>

If the only forces acting on a given particle are conservative then

W= ff F.dr=— f: dV =V, — V applies and, with the aid of

W= %m(uBz — vg?) = Ty — T,we obtain

Vy—Vg =Ty =T, (ONVy+T,=Vg +Tz=E

Since the points A and B arbitrary, we conclude that the total mechanical energy E remains
constant during the motion of the particle. This is the principle of conservation energy.

Now let us consider the more general case of a system of N particles whose configurations is

satisfied by the Cartesian x;,x5, ... ... ..... xgy. If the only force which do work on the system

during its motion are given by

- _9v
F}_ ax]-
Where the potential energyV (x;,x3, ... ... .....X3y) IS @ single-valued function of position

only, then the total energy E is again conserved.
Frequently it is convenient to specify the configuration of a system of particles by using

generalized coordinates.

EQUILIBRIUM AND STABILITY

>

Consider a system of N particles whose applied forces are conservative and are obtained

from a potential energy function of the form V(x;,x3, ... e .. X35) -
The virtual work of these applied forces 6W = — 2?51%5?9 = =6V
J

Which we note is linear in the 6x'sand is, therefore, the first variation of the potential

energy. Then, using the principle of virtual work,

The necessary and sufficient condition for the static equilibrium of this system is

that 6V =0

A holonomic system having independent q’s the condition that §V = 0
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KINETIC ENERGY OF A SYSTEM

B) mrc Z mpc

KONIG’S THEOREM
» The total kinetic energy of a system is equal to sum of %miﬂcz the kinetic energy due to a
particle having a mass equal to the total mass of the system and moving with the velocity
of the centre of mass and Zl . mp.the Kinetic energy due to the motion of the system

relative to its centre of mass.

THE GENERALIZED MOMENTUM
» Consider a system whose configuration is described by n generalized coordinates. Let us
define the lagrangian function L(q, g, t)
L=T-V
» The generalize the momentum p;associated with the generalized coordinate g; is defined by

the equation p; = or

EXAMPLE 1:

» Consider a free particle of mass m whose posititonis given by the Cartesian
coordinates(x, y, z) the kinetic energy is T = % (X2 + y2 +2?)

EXAMPLE 2:

> If the position of the particle is given by the spherical coordinates (r, 8, @) the Kinetic
energy is T:% (2 + 1202 + r2¢p2sin?¢) using this equation p; = g—; we get
pr = mr
po = mr?é
Dy = mr2psine
» Where p,is the linear momentum in the radial direction

» pgls the horizontal component of the angular momentum

> pgis the vertical component of angular Momentum
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EXERCISE : 1

1. For a single of mass m which is subject to a force F then
@ F=ma
(b) F =22
() (c)F=mv
@ (@ F=22
2. The equation of a motion for the system of N particle is
(@) F;i+R;+m# =0
(b) #=F+R +m;
() Fi+R;+m# =0
(d) F;+R, —m;i#, =0
3. The equation of a motion for the system of N particle is F; + R; — m;i*; = 0 then F;, R;is
(@) Constraint and applied force
(b) both Constraint force
(c) applied and constraint force
(d) both applied force
4. The number of degrees of freedom is
(@) The number of coordinates —number of independent of equation of constraint.
(b) Number of independent of equation of constraint -The number of coordinates.
(c) The number of coordinates + number of independent of equation of constraint.
(d) Number of independent of equation of constraint -The number of coordinates
5. If the configuration of a system of N particle is described using 3N Cartesian coordinates
and if there are | independent equation of constraints relating these coordinates then the
degrees of freedom is
@ 3N —1
(b) 3N —3I
(c) N—3l
(d) N—1
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6. Three particles are connected by rigid rod to form a triangle body eith particle at its

corners. Then the number of degrees of freedom of a system is (POLY TRB 2021)

(a) 4

(b) 3

(c) 6

(d) 9

7. Which one is noholonomic constraints

(@ Xitia5dg;—audt=0 (j=12,......m)
(b) Y¥iiaidg;+dt =0 (j=12,......m)
() Yiiai+a;dt=0 (G=12,......m)

d) ¥itia5dg;+adt=0 (G=12,......m)

8. Which axis the virtual work of the constrain force is
(@ oW, =X, R;.0m
(b) W, =Y, R; + or;
() oW, =X R —dm;
(d) W, =Xt R
9. The necessary and sufficient condition for static equilibrium is that all the Q’s due to the
applied force to
@ 1
(b) -1

(c) Infinity
(d) 0
10. The work done in moving around any closed path is
(@ $F.dr+0
(b) $F.dr =0
() $F.dr =m.n;

(d) $F.dr = %mrz
SCAN QR CODE FOR ANSWERS
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8.1.2 LAGRANGE’S EQUATIONS

Lagrange’s equation of d’ Alembert principle

>

Consider a system of N particles. The transformation equations for the position vectors of
the particles are

r;, =1:(q1, 92, e oo Gy t) T =1,2,....N ...l (1)

Where tis time and g, (k = 1.,2, .......n) are generalized coordinates.

Differentiating equation(1) with respect to t, we obtain the velocity of the i th particle

. dr; or; d or; d Jr; da or; d or;
|_e_’_l=_lﬂ _‘ﬂ+...+ ‘_k_|_..._|_ lﬂ+_‘
dt dqq dt dq, dt dqy dt aq, dt at

or . ar;

orv;, =1, = Y2 —

i l k=1 9q4 k + ot

whereg, are the generalized velocities.

The virtual displacement is given by

51, = 2 s+ g, et or; L
r, = —— cee _— cen —_—
L aql QI aqz CIZ aqk qk aqn Qn
or;
Or 81 = Xiter 5. 84

Since by the definition the virtual displacement do not dependent time,

According D’ Alembert principle,

n
> F= )61 =0
i=1

ar; or;
HereXiL, F. 7y = Tily Fr Xioa 5.5 6k = Ziea Dia[Fi- 5.1 80k = Bty GuS e

a .
WhereG, = ¥V, i.#

N

G _zF ar;

k_. ll@Qk
i—1

are called the components of generalized force associated with the generalized coordinates
qr- This may be mentioned that as the dimensions of the generalized coordinates need not
be those of length; similarly the generalized force components Gy may have dimensions
different than those of force. However, the dimensions of G,dqy, are those of work.

For example, if §q,, has the dimensions of length, G, will have the dimensions of force, if

&g, has the dimensions of angle 8, G, will have the dimensions of torque (7).
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. 2 i .. 0 i
> Further XL, p, 61 = XL m. 7y X 16; 8qr = Li=1 [Ziilmi-n-a—;c]ﬁqk

i «N [d( , arl-) , d(ari)]
Now YN, m;. rlaq = Lzt | (M Tog ) =M Ti g (G )]s (1)

» Itis easy to prove that

d (ari) 0 (dri) _ 0y
dt aqk - aqk dt - aqk

> q aT'i 6vi
an = —
dqx  0dqi
Therefore equation (1) is
N N
Z . 0r; z[ avi[ avi] avi] 5
m;.f.—— = m;. v;.—— [m.v;. =—] — m;. v;. —].
L L Laqk A i laqk laqk i laqk Ak
i=1 i=1
N n N
. d dv dv
Q. Bebn= ) ) g tmevise) —miveg2.6q,
=1 k=1i=1
N N N
d)| 0 1 1
= Z a @ szl( i Vi) ZE i(i.v)|dak
i—1 i=1 i=1
oT aT
;{1:1 (aqk) - E] 6qk ......... (**)
a m) —yn i 0r -
Here — (6qk =Yg, 4t (i)

» And its partial derivative with respect gy, is

Qv _ 0 (dr)\ _ ¢n 4 (0 oT . 0%r; .
=Y 5 ) 9o d (i1)
dax  dax dt \ 0q; 04k dqyot

» From equation (i) and (ii)
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Chapter 1

Probability and Random Variables

The theory of mathematical probability has its origin in the 17th century. There are three
different approaches of measuring probabilities. They are classical probability, relative

frequency of occurrence and axiomatic probability.

1.1 Preliminaries - Sample Space

Definition 1.1.1 (Trial or Random Experiment). Experiment can be repeated under the
same conditions but the results (Outcomes) cannot be predicted in any replication; any

one of the possible way is called random experiments or trial.
For example, throwing a die is trial and tossing a coin is trial.

Definition 1.1.2 (Event). Any possible outcomes of a random experiment or trial are

called as event or cases.
For example, Getting 1 or 2 or --- or 6 on a die is an event.

Definition 1.1.3 (Simple event). Event consisting of only one sample point of a sample

space is called a simple event.

For example, let a die be rolled once, and A is the events that face number 5 turned

up, and then A is a simple event.

Definition 1.1.4 (Compound events). When an event is decomposable in to a number of

sample events, then it is called as compound events.

5
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For example, the sum of two numbers shown by the upper faces of the two die is
seven in the upper spaces of the two dice is seven in the simultaneous throw of the two

unbiased dice, is a compound event as it can be decomposable.

Definition 1.1.5 (Sample space). The set of all outcomes or events of an experiment is

called as sample space. It is denoted as S.

Example 1.1.1: If the outcome of an experiment consists in the determination of the sex
in a newborn child, then

S ={g,b}
where the outcome g means that the child is a girl and b that it is a boy.

Example 1.1.2: If the outcome of an experiment is the order of finish in a race among

the 7 horses having post positions 1,2,3,4,5,6,7, then
S = { all 7! permutations of (1,2,3,4,5,6,7)}.

The outcome (2,3, 1,6, 5,4, 7) means, for instance, that the number 2 horse comes in first,

then the number 3 horse, then the number 1 horse , and so on.

Example 1.1.3: If the experiment consists of tossing two dice, then the sampe space
consists of the 36 points
S=1{(i,j):4,5=1,2,3,4,56}

where the outcome (i, j) is said to occur if i appears on the leftmost die and j on the

other side.

Example 1.1.4: If the experiment consists of measuring (in hours) the lifetime of a tran-

sitor, then the sample space consists of all nonnegative real numbers. That is,
S={r:0<z< o0}

Example 1.1.5: A sample space of tossing a coin once is
S={H,T} n(S) =2.

Example 1.1.6: A sample space of tossing a coin twice,

S = {HH,HT, TH, TT},n(S) = 4
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Definition 1.1.6 (Mutually exclusive events). Events that are so related among them are
said to be mutually exclusive, if the occurrence of one excludes the possibility of the

occurrence of the other or in other words, two events are mutually exclusive.

For example, In tossing a coin, the events head and tail are mutually exclusive, be-
cause if the outcome is head, then the possibility of getting a tail in the same trial is ruled

out,

Definition 1.1.7 (Equally likely). Events said to be equally likely if there is no reason to

expect any one in preference to other.
For example, in throwing a die all the six faces are equally likely to occur.

Definition 1.1.8 (Independent events). A set of events are said to be independent if the
occurrence of any event does not affect the chance of the occurrences of any other event

of the set.

For example: When two coins (A & B) are tossed together or separately, the occur-
rence of the head or the tail in the case of first coin(B) does not affect the probability of

the occurrence of the second coin(B).

Example 1.1.7: A die is rolled n times. The sample space is the pair (S, E), where S
is the set of all n-tuples (z1,xq,- - ,x,), x; € {1,2,3,4,5,6},i = 1,2,--- ,n, and E is the
class of all subsets of S, which contains 6" elementary events.

The event A that 1 shows at least once is the set
A={(x1,29, -+ ,x,): atleastone of zisis 1} = S—{(z1, 2, -+ ,x,) : none of the x’sis 1}

A=S—{(x1,29,- - ,x,) s x; € {2,3,4,5,6},i=1,2,--- n}.

Example 1.1.8: Consider a pointer that is free to spin about the center of a circle. If the
pointer is spun by impulse, it will finally come to rest at some point. On the assumption
that the mechanism is not rigged in any manner, each point on the circumference is a
possible outcome of the experiment. The set S consists of all points 0 < = < 27r, where
r is the radius of the circle. Every one-point set {x} is a simple event, namely, that the
pointer will come to rest at z. The events of interest are those in which the pointer stops
at a point belonging to a specified arc. Hence F is taken to be the Borel o-field of subsets
of [0, 27r).
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Definition 1.1.9 (Classical definition of Probability). If an experiment has ’ n ’ mutually
exclusive, equally likely and exhaustive cases, out of which ’ m ’ favorable to the happen-
ing of the event A, then the probability of the happening of A is denoted by P(A) and is
defined as P(A) = m/n, where m is the favourable cases and where n is the total number
of cases.

In general, Probability of an event = Number of favourable outcomes / Total number of

outcomes.

1.1.1 Axioms of Probability

Let S be a sample space and A be an event in S. then P(A) is called the probability of

the event if the following conditions are satisfied:

3. If A and B are mutually exclusive events. P(A UB) = P(A) + P(B)

Relative frequency theory of Probability

Classical approach is useful for solving problems involving game of chances, ex: throwing
dice, coins etc., but if applied to other types of problems it does not provide answers. If the
experiment be repeated a large number of times under essentially identical conditions,
the limiting value of the ratio of the number of times the event A happens to the total
number of trials of the experiments as the number of trials increases indefinitely, is called
the probability of the occurrence of A.

Thus P(A) = lim,, oo &

1.1.2 Theorems of probability
1. Addition theorem

2. Multiplication theorem
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Addition theorem of probability

Two events A and B are said to be mutually exclusive, if the occurrence of one event
precludes the occurrence
The probability that Event A or Event B occurs is equal to the probability that Event A
occurs plus the probability that Event B occurs minus the probability that both Events A
and B occur.
P(AUB)=P(A)+ P(B)—- P(ANDB)

Rule of Addition

If A and B are defined on a sample space, then: P(A OR B) = P(A)+ P(B) — P(A AND
B).

If A and B are mutually exclusive, then P(A AND B) = 0. Then P(A OR B) =
P(A) + P(B) — P(A AND B) becomes P(A OR B) = P(A) + P(B).
Multiplication theorem of probability

This rule states that if the two events A and B are independent the product of their sepa-

rate probability gives the probability of joint occurrence
P(A and B) = P(A) x P(B)
Example 1.1.9: In the experiment of tossing two coins fin the probability of both are
heads.
Multiplication rule for dependent events

This rule states if two events, A and B are dependent, the probability of occurrence of

one event is dependent on the occurrence of the other event.
P(A and B) = P(A) x P(A/B)

If Aand B are two events defined on a sample space, then: P(AAND B) = P(B)P(A |
B).
This rule may also be written as P(A | B) = P(A AND B)P(B).
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P(A | B) = P(A AND B)P(B) (The probability of A given B equals the probability of A
and B divided by the probability of B.)

If A and B are independent, then P(A | B) = P(A).

Then P(AAND B) = P(A | B)P(B) becomes P(A AND B) = P(A)P(B).

1.2 Conditional probability

Let A and B any two independent events, the conditional probability of A and B will be

represented as follows.

1. Conditional probability for A given that B has happened,

P(ANB)

Thatis, (A/B) = —5 5

2. Conditional probability for B given that A has happened,

That is,
P(ANB)

(A/B) = =533

1.2.1 Bayes Theorem

Bayes’ theorem (also known as Bayes’ rule) is a useful tool for calculating conditional

probabilities. Bayes’ theorem can be stated as follows:

Theorem 1.2.1. Let Ay, A,,..., A, be a set of mutually exclusive events that together
form the sample space S. Let B be any event from the same sample space, such that
P(B) > 0. Then,

P (A, N B)
[P(AyNB)+P(AsNB)+...+ P(A,N B)]

Note 1: Invoking the fact that P (A, N B) = P (Ax) P (B | Ax), Baye’s theorem can also be

P (A | B) =

expressed as
P (A) P (B | Ap)
P (A | B) =
[P(A)P(B|A)+P(A)P(B|Ay)+...+P(A,)P(B|A,)
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We can write the equation as

P(B | Ai) x P(Ai)
S (i = Lto n)P(B | Ai) + P(Ai)

P(Ai/B) =

Example 1.2.1: What is the probability of getting a 2 or a 5 when a die is rolled?
Solution:
Taking the individual probabilities of each number, getting a 2 is 1/6 and so is getting
as.
Applying the formula of compound probability,
Probability of gettinga2ora 5,

P(2orb5)=P(2)+P(5) —P(2and5)
= 1/6+1/6—-0
= 2/6=1/3.

Example 1.2.2: Consider the example of finding the probability of selecting a black card
or a 6 from a deck of 52 cards.
Solution:
We need to find out P(B or 6) Probability of selecting a black card = 26/52
Probability of selectinga 6 =4/52
Probability of selecting both a black card and a 6 = 2/52

P(Bor6) P(B)+ P(6)— P(Band6)
= 26/52 + 4/52 — 2/52
— 28/52
=7/13.

Example 1.2.3: Say, a coin is tossed twice. What is the probability of getting two con-
secutive tails?

Solution:

Probability of getting a tail in one toss = 1/2

The coin is tossed twice. So 1/2 % 1/2 = 1/4 is the answer.

Here’s the verification of the above answer with the help of sample space.

When a coin is tossed twice, the sample space is {(H,H), (H, T), (T,H), (T, T)}.
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Our desired event is ( T, T) whose occurrence is only once out of four possible out-

comes and hence, our answer is 1/4.

Example 1.2.4: Consider another example where a pack contains 4 blue, 2 red and 3
black pens. If a pen is drawn at random from the pack, replaced and the process repeated
2 more times, What is the probability of drawing 2 blue pens and 1 black pen?

Solution

Here, total number of pens =9

Probability of drawing 1 blue pen = 4/9

Probability of drawing another blue pen = 4/9

Probability of drawing 1 black pen = 3/9

Probability of drawing 2 blue pens and 1 black pen = 4/9x4/9%3/9 = 48/729 = 16/243

Example 1.2.5: A pack contains 4 blue, 2 red and 3 black pens. If 2 pens are drawn
at random from the pack, NOT replaced and then another pen is drawn. What is the
probability of drawing 2 blue pens and 1 black pen?

Solution:

Probability of drawing 1 blue pen = 4/9

Probability of drawing another blue pen = 3/8

Probability of drawing 1 black pen = 3/7

Probability of drawing 2 blue pens and 1 black pen =4/9%3/8%3/7=1/14

Example 1.2.6: What is the probability of drawing a king and a queen consecutively from
a deck of 52 cards, without replacement.

Solution:

Probability of drawing a king = 4/52 = 1/13.

After drawing one card, the number of cards are 51.

Probability of drawing a queen = 4/51.

Now, the probability of drawing a king and queen consecutively is 1/13x4/51 = 4/663.

Example 1.2.7: In a class, 40% of the students study math and science. 60% of the
students study math. What is the probability of a student studying science given he/she
is already studying math?

Solution:

P(Mand S) = 0.40
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P(M) = 0.60

P(S|M)=PMandS)/P(S) =0.40/0.60 = 2/3 = 0.67
Example 1.2.8: A single coin is tossed 5 times. What is the probability of getting at least
one head?

Solution:

Consider solving this using complement.

Probability of getting no head = P( all tails ) = 1/32

P(atleastonehead )=1— P(alltails)=1-1/32=31/32.
Example 1.2.9: What is the probability of the occurrence of a number that is odd or less
than 5 when a fair die is rolled?

Solution:

Let the event of the occurrence of a number that is odd be 'A’ and the event of the
occurrence of a number that is less than 5 be ’ B’. We need to find P(A or B).

P(A) = 3/6 (odd numbers = 1,3 and 5)

P(B) =4/6 (numbers less than 5 =1,2,3 and 4)

P(A and B) = 2/6 (numbers that are both odd and less than 5 =1 and 3)

Now, P(Aor B) = P(A)+ P(B)— P(Aor B)

=3/6+4/6—2/6
=5/6

Example 1.2.10: A box contains 4 chocobar’s and 4 ice creams. Tom eats 3 of them
one after another. What is the probability of sequentially choosing 2 chocobar’s and 1
ice-cream?

Solution:

Probability of choosing 1 chocobar = 4/8 = 1/2

After taking out 1 chocobar, the total number is 7 .

Probability of choosing 2 nd chocobar = 3/7

Probability of choosing 1 ice-cream out of a total of 6 = 4/6 = 2/3

So the final probability of choosing 2 choc-bar’'s and 1 ice-cream = 1/2%3/7%2/3 = 1/7

Example 1.2.11: When two dice are rolled, find the probability of getting a greater num-

ber on the first die than the one on the second, given that the sum should equal 8 .
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Solution:

Let the event of getting a greater number on the first die be G. There are 5 ways to
get a sum of 8 when two dice are rolled = {(2,6), (3,5), (4,4), (5, 3), (6,2)}.

And there are two ways where the number on the first die is greater than the one on
the second given that the sum should equal 8, G = {(5, 3), (6,2)}.

Therefore, P (Sum equals 8) = 5/36 and P(G) = 2/36.

P(G | sum equals 8) = P(G and sum equals 8)/P( sum equals 8)
Now, = (2/36)/(5/36)
=2/5.

1.3 Random Variables

We have been examining with random experiments that can be described by finite sam-
ple spaces. We studied the assignment and computation of probabilities of events. In
practice, one observes a function defined on the space of outcomes. Till now, we were
concerned with such functions without defining the term random variable. Here we study
the notion of a random variable and examine some of its properties.

The fundamental difference between a random variable and a real-valued function
of a real variable is the associated notion of probability distribution. Nevertheless, our
knowledge of advanced calculus or real analysis is the basic tool in the study of random

variables and their probability distributions.

Definition 1.3.1. Let (2, S) be a sample space. A finite, single-valued function that maps
Q2 into R is called a random variable(R.V) if the inverse images under X of all Borel sets

in R are events, that is, if
X (B)={w:X(w) € B} S forall Borel sets B. (1.1)
Theorem 1.3.1. X is an R.V if and only if for each = € R,
{w: X(w)<z}={X<z}eb. (1.2)

Note 2: The notion of probability does not enter into the definition of an R.\V.
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Remark 1.3.1. If X is an R.V, the sets {X = z}, {a < X < b}, {X <z}, {a < X < b},
{a < X < b}, {a < X < b} are all events. Moreover, we could have used any of these

intervals to define an R.V.

Remark 1.3.2. One may ignore the technical conditions (1.1) and (1.2), and just remem-
ber random variables as mere real valued functions, but there exist real-valued functions

defined on (2 that are not R.Vs but it is hard to encounter them in practical applications.

Example 1.3.1: For any set A C (2, define

0, w¢A,
Ia(w) =
1, weA.

I4(w) is called the indicator function of set A. I, isan R.Vifandonly if A € S.

Example 1.3.2: Let Q2 = {H,T'}, and S be the class of all subsets of 2. Define X by
X(H)=1and X(T') = 0. Then

;

0, x <0,

X7 (=00, 2] =T},  0<wz<l,

{H, T}, x=2>1,

and we see that X is an R.V.
Example 1.3.3: Let Q = {HH,TT,HT,TH} and S be the class of all subsets of (.
Define X by

X (w) = number of H's in w.

Then X(HH) =2, X(HT) = X(TH) = 1and X(TT) = 0.

(

0, z <0

(T}, 0<z<l,
X (—o00,12] =

(TT,HT, TH}, 1<z <2,

\Q7 2 <z

Thus X is an R.V.
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Remark 1.3.3. Let (2, .5) be a discrete sample space; that is, let 2 be a countable set
of points and S be the class of all subsets of 2. Then every numerical-valued function
defined on (€2,.5) is an R.V.

Example 1.3.4: Let Q2 = [0,1] and S = £ N [0, 1] be the o-field of Borel sets on [0, 1].
Define X on 2 by
X(w)=w, welo,1]

Clearly, X is an R.V. Any Borel set of Q) is an event.

1.3.1 Types of Random Variables

A random variable can be either discrete or continuous. Discrete random variables take
on a countable number of distinct values. Consider an experiment where a coin is tossed
three times. If X represents the number of times that the coin comes up heads, then X is
a discrete random variable that can only have the values 0, 1, 2, 3 (from no heads in three
successive coin tosses to all heads). No other value is possible for X.

Continuous random variables can represent any value within a specified range or in-
terval and can take on an infinite number of possible values. An example of a continuous
random variable would be an experiment that involves measuring the amount of rainfall
in a city over a year or the average height of a random group of 25 people.

Drawing on the latter, if Y represents the random variable for the average height of a
random group of 25 people, you will find that the resulting outcome is a continuous figure
since height may be 5 ft or 5.01 ft or 5.0001 ft . Clearly, there is an infinite number of
possible values for height.

A random variable has a probability distribution that represents the likelihood that any
of the possible values would occur. Let’s say that the random variable, Z, is the number
on the top face of a die when it is rolled once. The possible values for Z will thus be
1,2,3,4,5, and 6. The probability of each of these values is 1/6 as they are all equally
likely to be the value of Z.

For instance, the probability of getting a 3, or P(Z = 3), when a die is thrown is 1/6,
and so is the probability of having a 4 or a 2 or any other number on all six faces of a die.

Note that the sum of all probabilities is 1.
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Sotwow TRB utlDaAwWTenSg GIapens ANgse U6I6rl
FFwSg!

Teacher's Care Academy ®LH®D 14 Na@H® TRB Spiamendsiar flpiy uvwihsow B
aGBDg. Sgag 10,000-He0 SvdHuLL SHAFWTHMN lgs: CAHMOBDEAND AMDVBIOIH BUAHS
2 HAWBH BUBHH AUBUIHO EBINBESHID. BB BNIVOHBD ANwordsy TRB GpIaEmEBHBHY
aAglestar LUADEBHE 2_eitenar, Slaes:

e PGTRB
e UGTRB
e SGT

e POLYTECHNIC TRB
e BEO

e TET Paper I & 11

e College TRB

e Special Teachers

2.BGHOTH, HOWBIBG ANgst BOBCUTE AlDOTHH lgst UMIHHINT SHTVTDTWBIHEHHS (TRB,
TNPSC, MRB, TNUSRB) puUib aond scLaw 58 6spie (Tamil Compulsory Exam) wphsCL
Epja® APAdgieitarg SHpDPHT® HUIY I BLLIW HOS SHie adIp UdpHHoed VIFHBCWHOIH
2_mweit Teacher's Care Academy aesatOlc@eoiteangy. SHH UHHHO ANSwsFIDIED BoLHBDE ShorTed
ABHOAT SHIQWAD AHILTY BTGB ATHSHO BUNEH S BIBEHHS *n.BHO HENEBUY BOLHSO

PGTRB
PGTRB &iiip® BImomet Sloardpg auondl U HBHew DD @OBS MBGBEDIDL AHTIH)

Tamil
English
Mathematics
Physics
Chemistry
Botany
Zoology
Economics
Commerce
Computer Science
History

FEEFREREFEREEF
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TET (Teachers Eligibility Test)

TET 8picip® ®O Teachers Care Academy-uliéo Paper I wpay®d Paper II etan SFan®
HINBEHHHO VFHHEWHVIDH VWNDHFIBO BVBSBSOTD

SpH® HOVHIB AFFNOD AVBHOULGM Udiall UL UdpHdBod SmHs elydmeat a@Gdsy Study
Material-6a1® OBSBESDIO

Bweay® Psychology-5® TRB-OLoas0@slut@eten UTLHBLL D COdruDml Sy Reference Book-
BB SYROUsmen aBGHsy Study Material-Henad AQESBESHTO

UGTRB

TET &pieiled aasdpil aupdo ST WiHend® HLHHOUB® UGTRB Suttly BpFadbemiolaardHs)
UM UTLHBHBHO VIPDABDET BOBIB MBGBEDTO ANHAVH)

Tamil
English
Mathematics
Physics
Chemistry
Botany
Zoology
History

FEFEFEE R

Geography

SGTRB

TET &pjeiled aaspill aupdo NASFWiHendH® HLHHOUBY SGTRB Sutty BpFiaderd H0GIG
AgEaed @VBBVUCGB6TET Uetatl UTL UHHoHdHHH SmHe SVOUsmet a@GHss Study Material-senas
BUBOBEHIO

BEO

BEO 6EpjadH®m® TRB-Ohed umlHBeLd aasailuiiLsuc@teang AB® UTLdBeLHBar SeduamLuiied
SloardHgy UTLHSDGO 2 Bimeit Teachers Care Academy Aeww (Unit-Wise) esaglwas Study Material-
DO BVBISBDS).

POLYTECHNIC TRB

Polytechnic pJpom®d 2 mmeit Teachers Care Academy O@TaN®BO aQOMA UTLHBDHG® LVIDABDET
VBB NGBS AHTEIF),

CIVIL

EEE

ECE

CSE
Mechanical
English
Mathematics
Physics

FEFFEEFREEEE

Chemistry
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College TRB
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+ Drawing
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Care Academy UOAHOIGT UVWIDEDMEN BVBISBOG),
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